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Abstract 

m 

The structure of flavour space is determined by the form of the quark mass matrices in the weak 
flavour space basis. We examine some matrix textures in the light of flavour permutations symmetry 
C^l ' arguments, for three and four families. 

c ' 
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1 Mass matrices in flavour space 



The fermion masses live in flavour space. Mixing, as well as CP-violation, are flavour space phenomena, 
and the structure of flavour space is determined by the mass matrices, i.e. by the form that the mass 
matrices take in the weak basis in flavour space. This is the basis where the mixed fermion states interact 
weakly, in contrast to the mass bases, where the mass matrices are diagonal, diag (mi, mi, m.3), mj being 
the masses of the physical fermions. 

The information content of a N x N matrix M is contained in its iV matrix invariants, which are the 
sums, as well as the sums of products, of the eigenvalues, like traceM, detM, and so on, 

Ai + A 2 + A 3 ... = VAj, 

<n ■ y 

AiA 2 + AxA 3 + A X A 4 + - = J2 A J Afc ' 

jk 

o _ 

cn ; A1A2A3 + A1A2A4 + ... = 2^A j A fc A / , 

jki 

where the indices j, k, I, ... run over all the N eigenvalues. These expressions are invariant under permuta- 
tions of the eigenvalues, and thereby of the eigenstates, which in the context of mass matrices means that 
they are flavour symmetric, i.e. invariant under permutations of the flavours, as well as under unitary 
transformations of the mass matrices. 

The invariants of a given finite matrix can always be calculated even if the eigenvalues are not known, 
i.e. the N invariants of a A x A" matrix Mare 

Tr(M) = mi + rri2 + + ... + m^r 

m\m2 + m\mz + m2m^ + ...rriN-imN = ~ [(Tr M) 2 — Tr(M 2 )] 

m 1 m 2 m 3 +mim 2 m 4 + ...m N ^ 2 m N „im N = -[(Tr M) 3 + 2 Tr(M 3 ) — 3Tr MTr(M 2 )] 

6 

mim2m 3 mi + mim2m^m^ + ...+mN-3rriN-2rnN-irnN = ^[(Tr M) 4 + 3(Tr(M 2 )) 2 +8(Tr(M 3 )) Tr(M) — 
6Tr(M 4 ) — 6Tr(M 2 )(TrM) 2 ], 

and so on. Even though the matrix information is contained in its invariants, it is the form that the 
mass matrices take in the weak basis that carries the information about the flavour space structure, and 
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can give some hint about the family hierarchical patterns. On the one hand there is the mass hierarchy, 
where the masses of the third families completely dominate, and the second family masses in their turn 
are much larger than the masses of the first families. The question is why fermions of the same charge 
but in different families, in spite of having identical couplings to all gauge bosons of the strong, weak and 
electromagnetic interactions, nevertheless exhibit such divergent mass values, ranging from the electron 
mass to the about 10 5 times larger top mass. On the other hand, there is the hierarchy exhibited by 
the mixing matrix, where the transitions between the first and second family are far greater than the 
transitions between the second and third family and even more so, between the first and the third family. 

There is no obvious principle or pattern relating these masses, and in the hope to find a mass texture 
that could shed some light on the origin of the mass spectra, an industry of different mass matrix ansatze 
has emerged - to make an ansatz for a quark mass matrix basically amounts to guessing what structure 
the matrix has in the weak flavour space basis. 

2 Permutation symmetries 

In the Standard Model, where fermions get their masses from the Yukawa couplings via the Higgs mech- 
anism, there is no reason why there should be a different Yukawa coupling for each fermion, and it seems 
natural that these couplings would all be similar. In the "democratic scheme" [I], [2], [3] this absence of 
any distinguishing principle is taken at face value, and with the assumption that the Yukawa couplings of 
the fermions of a given charge are equal, a "zeroth order mass matrix" is postulated, with the form Mq 
= /cN, where k has dimension mass, and N is the S(3)l x S(3)r flavour symmetric Nambu matrix 



The Nambu matrix has the eigenvalue spectrum (0,0,3), reflecting the charged fermion mass spectra 
with two light families and a third much heavier family, a mass hierarchy that can be interpreted as 
the repesentation 1 © 2 of S(3). In order to obtain realistic mass spectra with non-zero masses, the 
S(3)l x S(3)r flavour symmetry must be broken, and different schemes for symmetry breaking correspond 
to different matrix ansatze. 

Any scheme for breaking the democratic symmetry amounts to perturbing the democratic matrix, i.e. 



where k has dimension mass, and A is a 3x3 matrix which is much "smaller" than Mq. 

The actual observed mass spectra, with two very light masses, and a heavy third family fermion, agree 
with this pattern, and be interpreted as a remnant of a (broken) S(2)l x S(2)r symmetry. 

Taking this into account, it is natural to apply a stepwise breaking scheme on the initial S(3)l X S(3)r 
symmetry, first breaking down the S(3)l x S(3)r to S(2)i x S(2)r, and so on, in order to obtain the 
physical mass matrix. 

The most general way of breaking S(3)l x S(3)r to S(2)l x S{2)r corresponds to the matrix 






A A B 
A A B 
BBC 




with the eigenvalues 



(0, [2A + C- v / (2A-C) + 8B 2 }/2, [2A + C+ V / {2A - C) + 8B 2 }/2). 
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We however desire a mass spectrum with massive states, and a S(2)l x S(2)r flavour symmetric mass 
matrix with only non-zero mass values and akin to ([I]), is 

/ A B B \ 
K = I B A B J , 
\ B B A ) 

with the mass spectrum (A — B, A — B, A + 2B), and A = (mi + mi + ms)/3, B = (2m^, — m<i — mi)/6. 
Just like the Nambu matrix, K has two degenerate mass values, but unlike the Nambu mass spectrum, 
where the third family is dramatically singled out, the eigenvalues of the mass matrix K may all be of 
the same order of magnitude, in the case i>6. 

This type of mass matrix does not reflect the spectra of the charged fermions, but could be relevant 
for massive neutrinos. Data on neutrino masses indicate that non-vanishing neutrino masses do not follow 
the same pattern as the charged fermion mass spectra, since unlike the other fermion masses, the neutrino 
masses seem to be rather aligned. This gives a suspicion of a flavour symmetry which is merely slightly 
broken also in the mass basis. 

3 The charged fermion mass matrices 

In the case of the charged fermions, the flavour symmetry must however be radically broken. Starting 
with the matrix K, there are several possible ways to stepwise break its flavour symmetry. One variation 
of K is 

/ A B D \ 
K' = B A D 

\ D D A J 

with the mass spectrum (A - B, [2A + B - VB 2 + 8D 2 ]/2, [2A + B + V B 2 + 8D 2 ]/2) which is symmetric 
in the first two flavours in the weak basis. Now consider the overdetermined matrix 

/ A B D\ 
L = B A D 
\ D D C ) 

with the mass spectrum (A—B, [A+B+C-y/(A + B - C) 2 + 8D 2 ]/2\A+B+C+ ^{A + B - C) 2 + 8L> 2 ]/2). 
If L is the up-sector mass matrix, we assume that the down-sector mass matrix of the same texture, 

/ A 1 B' D' \ 
V = B' A' D' 

\ d' d' a ) 

Different values for the redundant parameter D leads to different mass textures. The choice D = 
corresponds to the eigenvalues {A—B,[A+B+C±(A+B—C)]/2), i. e. (m 1 ,m 2 ,m 3 ) = (A-B,A+B,C), 
and correspondingly for the down sector, and D = C — A — B to the eigenvalues (A — B, 2(A + B) — 
C,2C-{A + B)). 

We can numerically evaluate different textures corresponding to different D-values by inserting the quark 
mass values at the M^-scale [5], 

m u {M z ) = l.7MeV,m c (M z ) = 0.62GeV,m t (M z ) = HlGeV, 

m d (M z ) = 3MeV,m s (M z ) = 54MeV,m b (M z ) = 2.9GeV, 

which for D = C - A - B and D' = C - A' - B', gives 

/ 1 0.9999 1.978 \ 

L(D=c-A-B) = A 0.9999 1 1.978 

\ 1.978 1.978 3.9782 / 
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and 

0.994 

L'(D'=C'-A'-B') = A' I 0.994 1 




1. 

with A = 28.7GeV and A' = 0A97GeV , which corresponds to a texture 

1 1-e 3 
M k C | 1-e 3 1 

2-e 





Instead of chosing a specific D-value, we introduce the notation D = ±k(C — A — B), and t = \/T+ 8/c 2 , 
which gives the mass spectrum (A - B, [(A + B)(l + t) + C(l - i)]/2, [(A + B)(l-t) + C(l + t)]/2). 
The remaining flavour symmetry is broken by introducing phases. This gives the mass matrices M u and 
Md, for the up- and down-sectors, respectively: 
M u = fjtLft and M d = ft'^Vft', 

\ / 1 

n - | e if) and ft' = 
e ia ) \ 

De -i( a -0) C 
B ' e iH D ' e ip 

M d = | B'e-iP A' D'e^P-ti 

ry e iO*-p) a 

with the mass spectra (A - B, [(A + B)(l + t) + C(l - t)]/2, [(A + - t) + (7(1 + i)]/2) with D = 
fc(C-A-£), t = sgrtl + 8fc 2 and (A '—B', [{A' + B'){l + t') + C'{l-t'))/2 1 [(A' +B')(l-t') + C'(l+if)]/2), 
D' = k'(C -A' - &) t' = Vl + 8fe' 2 . 

The mass matrices (pQ) and ([I]) are diagonalized by the unitary matrices 

-8 n eW 

H | SfjC-y Sty 



and 




and 



c<t> 









c<f,c u e itl 


s v e { P 






- c u e % P 



where sin?? cos 77 = 1/2, cos<^sin</> =1/2. The angles 7 and v are given by tan 27 = —2\/2k = —Vt 2 — 1 
and tan2i/ = —2\]~2k! = —y/t' 2 — 1, which gives 



.2 * - 1 2 f + 1 

sin 7 = ,cos 7 = , or 

' 2t ' 2t ' 

2 *+l 2 *-l 



sin 7 = ,cos 7 = , (1) 



And analogously for cos u, sin v. 
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4 The mixing matrix 

With the diagonalizing matrices U u and Ud, the mixing matrix V = U U U^ takes the form 

c u (l - e id ) s u (l - e ie ) 

V = ^| c 7 (l-e ie ) c^c 7 (l + e ie ) + 2s 1 s v e i ^ c^s u (l + e ie ) - 2s 7 c„e^ 

c v sJ\ + e ie ) - 2c 7 s„e i ^ s 7 s„(l + e ie ) + 2c 7 c^ 



cos 2 —ic v sin 2 — zs„ sin | 

* - | ZC^y Sill ^ C-j/G-y COS — I - SsySj/G C^ySy COS (S'yC^/C ^ 

tSiy Sill "2 Cj/Sy COS "2 CySj/C SySjy COS ^ | CyC^/C 




(2) 



where 9 = (3 — p, ip = a — p and A = a — p — 9/2. Introducing the notation 



cos- 


= ci, 




= «C 2 , 




= - ^c 3 




= -e lS 




sm - = si 

s 7 = iS2 

St/ = -is 3 (3) 
and discarding the overall phase factor, the mixing matrix takes the form 

S1C3 - SlS 3 

V = | sic 2 cic 2 c 3 - s 2 s 3 e lS cic 2 s 3 + s 2 c 3 e lS 
c\s 2 c 3 + c 2 s 3 e lS cis 2 S3 - c 2 c 3 e tS 

4.1 The mass matrix elements 

From (pQ) we see that t = 1/(1 — 2sin 2 7) or t = 1/(1 — 2cos 2 7). Introducing explicit numerical values[4j 
for the mixing matrix elements, \V ud \ = 0.9742, \V US \ = 0.2253, \V ub \ = 0.003437, and (V^l = 0.2252, and 
\V td \= 0.00862, we get cos<9/2 = 0.97428, smi> = 0.0154 and sin 7 = 0.0382. 

Inserting this into the expressions for t gives t = ±1.0029, and analogously t' = ±1.00047, correspond- 
ing to k = 0.0269 and k' = 0.01089. The measured mass values are not the same as the tree level mass 
spectra that one gets from the mass matrices, but using data on quark mass values still give a hint of the 
relative values of the matrix parameters. 

Inserting the quark mass values [5] at the M^-scale, 

m u (M z ) = 1.7MeV,m c (M z ) = 0.62GeV,m t (M z ) = lllGeV, 
m d (M z ) = 3MeV,m s (M z ) = MMeV,m b (M z ) = 2.9GeV, 

into the expressions 

A = [2tm u + m c (t + 1) + m t (t - l)]/4, B = [-2tm u + m c {t + 1) + m t {t - l)]/4,... and similarly for 
A', 5', ..and positive t and t', gives 

e i/3 - 10.6e ia 

M u kB| e~ if) 1.004 - 10.6e^ a -^ 

10.6e" ia -lO.6e -i ( a- 0) 395 

1.12 - 1.2e ip 

M,i « [>,' I e-w 1.12 - 1.2e^P-^ 

-1.2e- { P - 1.2e- i( P-^ 111 
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with B = 0A3GeV , B' = 25.8MeV , corresponding to the texture 

f 1 + 5 1 1 + x \ 

|M|»C 1 1 + 5 1 + x 

\ 1 + x 1 + x 1 + y ) 

where x is negative and i/ > 1. 

5 Four families 

An obvious way of extending the Standard Model is to introduce a fourth family of quarks and leptons, the 
question of the number of families is one of the recurrent themes of discussion at the Bled workshops |6j. 

Fourth family [7] leptons and quarks have been searched for at LEP, the Tevatron and LHC, giving 
the mass limits 

m L > 100.8 GeV 
m B > 372 GeV 
m T > 335, GeV 

where uil is a charged lepton mass. Moreover, an important characteristic of the fourth generation quark 
doublet is that the mass splitting between the heavy up- and down-quarks is constrained by electroweek 
precision tests to be small, likely less than Miy[9]. 

Playing the same game as in ([!]) for four families, we get the matrix 



M = 



f A 


B 


D 


E \ 


B 


A 


D 


E 


D 


D 


X 


E 


V E 


E 


E 


C J 



This matrix has two redundant parameters, and 
Tr(M) = 2A+D+C, 

det(M) = ^[(TrM) 4 +3(Tr(M 2 )) 2 +8(Tr(M 3 ))Tr(M)-6Tr(M 4 )-6Tr(M 2 )(TrM) 2 ] = (A-B)[{A+ 
B)(CX - E 2 ) + 4DE 2 - 2XE 2 - 2CD 2 ] 
For X = D, we get 



/ 


A 


B 


D 


E \ 




B 


A 


D 


E 




D 


D 


D 


E 


V 


E 


E 


E 


C J 



with Tr(M) = 2A + D + C and det(M) = (A-B)(A + B- 2D){CD - E 2 ). From the matrix invariants 

m\mi+fn\mj, + m\m^ + m2vnj, + mim^ + m^m^ 
= [(Tr(M)) 2 — Tr(M 2 )]/2 

171117121713+171111121714 + mi17l3l7l4 + 171217131714 

= [(Tr(M)) 3 + 2 Tr(M 3 ) — 3 Tr M Tr(M 2 )]/6 

we get the eigenvalues: 

(mi,m 2 ,m 3 ,m 4 ) = (A - B, A + B - 2D, (3D + C ± + Cf + 4E 2 - 4CD)/2), 

where E 2 = 2D 2 + CD-(A + B)D, and thus det(M) = D(A - B)(A + B- 2D) 2 . 
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From these eigenvalues we infer A = [m 2 , + 2m 3 m 4 + m 1 m 2 ]2m 2 , B = [m 2 + 277137714 — mi7772]/2m 2 , 
C = [77227773 + 77727774 — 377737774]?77 2 , D = 777 3 7774/7772 and like in the 3x3 case, we can insert mass values in 
the mass matrix elements, using 

777 T = 311GeV,m B = 338GeV, 

heavy quark masses based on new experimental limits on heavier quarks are a little higher than the ones 
from The Particle Data Group [9j of 2010, 

m T < 256GeV,m B < 128GeV 

The resulting numerical matrix for the up-sector is 



M = D 



( 1.00000362 1.00000360 

1.00000360 1.00000362 

1 1 

\ 1.73« 1.73? 



M = D 



( 1.00000362 1.00000360 

1.00000360 1.00000362 

1 1 

\ 1.73* 1.73? 

with D = 85775.80GeF. 

Similarly for the down-sector 



M' = D 



( 1.0000016 1.0000014 
1.0000014 1.0000016 
1 

\ 1.726i 



1 

1726? 



1 
1 
1 

173? 

1 
1 
1 

173? 



1 
1 
1 

1726? 



173? \ 
173? 
173? 
2.99 / 

173? \ 
173? 
173? 
2.99 / 



1726? \ 
1726? 
1726? 
- 2.98 



with D' = 17964.074 GeV. 

Both these matrices display this texture 



M 



where e ~ \/3 and both 7 and 5 are very small, 
mixing matrix to be determined. 



/ i + s 


1 + 7 


1 


is 


\ 


1 + 7 


l + <5 


1 


ie 




1 


1 


1 


ie 




\ is 


ie 


is 


-e 2 


) 
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The phases remains to be introduced, and the 
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